We explore Carroll limit corresponding to M2 as well as M3 branes propagating over 11D supergravity backgrounds in M theory. In the first part of the analysis, we introduce the membrane Carroll limit associated to M2 branes propagating over M theory supergravity backgrounds. Considering two specific M2 brane embeddings, we further outline the solutions corresponding to the Hamilton's dynamical equations in the Carroll limit. We further consider the so called stringy Carroll limit associated to M2 branes and outline the corresponding solutions to the underlying Hamilton's equations of motion by considering specific M2 brane embeddings over 11D target space geometry. As a further illustration of our analysis, considering the Nambu-Goto action, we show the equivalence between different world-volume descriptions in the Carroll limit of M2 branes. For the rest of the paper, specifically considering the stringy Carroll limit, we explore the corresponding Hamiltonian dynamics associated to unstable M3 branes around their respective tachyon vacua. Our analysis reveals that at tachyon vacuum the dynamics could be interpreted as stable Carroll M3 branes propagating over 11D M theory supergravity backgrounds.
Overview and Motivation
The Carroll symmetry, that was introduced earlier in [1] - [3] has been started gaining a lot of attention in the recent years due to its several remarkable aspects. For example, it seems to -(I) have connections to that with the so called BMS symmetry algebra [4] - [5] , (II) be exhibiting a duality with the nonrelativistic symmetry group [6] , (III) have connections to that with the warped conformal field theory [7] and so on.
Starting from particle dynamics [8] - [10] , in various recent analysis the notion of Carroll symmetries had been successfully extended to system of classical strings, p branes [11] as well as several other exotic systems [12] - [19] . However, in spite of all these attempts some answers are still lacking in the literature and some interesting directions are yet to be explored. For example, one might wonder what is the corresponding Carroll dynamics of a membrane [20] - [31] in M theory and how does the equivalence between different world-volume descriptions hold in the Carroll limit of generic MP branes.
Studying Carroll limit for membranes should be regarded as an interesting direction in itself (in contrast to those of strings or p branes [11] studied previously) as it is naturally coupled to the background gauge fields namely the RR 3-from fluxes (C M N P (X)) [25] . This suggests that, unlike in the previous examples, one should expect a different dynamics to pop up in the Carroll limit of membranes.
The present article therefore intends to explore all these issues taking specific examples of M2 as well as M3 branes in M theory. We start our analysis in Section 2 by considering M2 brane world-volume theory and thereby taking its subsequent Carroll limit(s) [11] . We outline the solutions corresponding to Hamilton's dynamical equations considering two different embeddings for Carroll M2 branes propagating over 11D target space geometry. In the next Section 3, we start with the traditional Nambu-Goto (NG) action [25] for M2 branes and show the equivalence between different world-volume descriptions in the respective Carroll limits. We also construct the world-volume description for generic (stable) MP branes in the Carroll limit. In Section 4, we move beyond the stable membrane configurations and consider Carroll limit corresponding unstable M3 branes in M theory. Our analysis reveals that at the tachyon vacuum and under certain specific assumptions, the dynamics could be interpreted as stable Carroll M3 branes propagating over M theory supergravity backgrounds. Finally, we conclude our analysis in Section 5.
2 Carroll M2 branes I
Hamiltonian formulation
We start considering M2 branes moving over a curved manifold (equipped with a metric g M N (X)) in the presence of background 3-form fluxes (C M N P (X)) [25] ,
where, the Lagrangian could be formally expressed as 1 ,
Here we introduce the pullback of the background fields on the world-volume of the membrane,
where, X M (M, N = 0, .., 10) are the target space coordinates and ξ m (m = (0, i) = 0, 1, 2) are the world-volume directions. Finally, λ m s are the Lagrange multipliers and T 2 is the tension associated with the M2 branes.
In order to take a consistent Carroll limit [11] one needs to replace velocities in terms of momenta in the original action (1) . We find the conjugate momentum,
which could be inverted to find,
Substituting (5) into (2) we find 2 ,
where we introduce the following constraint (corresponding to the Lagrange multiplier ζ),
that eventually results in a consistent dynamics near the Carroll limit of the M2 brane. Finally we have the following primary Hamiltonian constraint for the system,
where, H can is the standard canonical Hamiltonian andλ is the so called Lagrange multiplier in the presence of primary constraint(s) (Γ) such that,
Notice that unlike the previous example for Dp branes [11] , here we have only one diffeomorphism constraint namely the Hamiltonian (8) . The other constraint proportional to Π.∂X is not quite apparent in this setup.
Membrane Carroll limit
We introduce the M2 brane Carroll limit as,
where, we set ω → ∞ towards the end of our calculations. In order to take consistent Carroll limit, it is also necessary to consider appropriate scaling limit for Lagrange multipliers (λ m , ζ, N ) as well as the membrane tension (T 2 ),
Using (10) and (11) we finally obtain the Lagrangian in the Carroll limit as,
where we define,
as being the primary Hamiltonian constraint associated to the Carroll limit of M2 branes. Notice that here
. The resulting equations of motion could be formally expressed as 3 ,
which thereby implies that the transverse coordinates freeze in time hence like in the case for free strings/p branes [11] the M2 brane does not move in its Carroll limit. However, on the other hand, the momenta (π I ) conjugate to transverse fluctuations (x I ) turn out to be non trivial functions of world-volume coordinates. This is a special feature associated with the dynamics in the Carroll limit where there is in general no connection between spatial momenta and velocities of a dynamical Carroll object [11] .
We now proceed towards solving the above set of equations (14)- (15) . In order to solve these equations one needs to consider specific M2 brane embeddings for different choice of subspaces within the full 11D target space geometry [28] . In the following, we illustrate the procedure with two specific choices of M2 brane embeddings.
Example I
Consider Carroll M2 branes moving in R × S 4 subspace of full AdS 4 × S 7 geometry 4 [28] ,
where we set the angle θ = θ 0 = π 4
for which the background RR forms in AdS 4 vanishes. To start with we consider following embeddings for Carroll M2 branes,
where we introduce constant coefficients Λ M m (M = 0, 1, 2, 3, 4 ; m = 0, 1, 2) carrying mixed indices those are eventually constrained by the Carroll Hamiltonian (13) .
Substituting (17)- (21) into (14) we find,
3 Here, |γ| = det γ ij . 4 We set AdS length scale L = 1.
Therefore, we find that the Carroll M2 brane extended along x 1 = ψ direction and rotating around x 2 direction moves in time with constant energy (π 0 ) and momentum (π 2 ). Notice that the M2 brane also wraps around two of the isometry directions (ϕ 2 and ϕ 3 ) of S 4 . Finally, it is noteworthy to mention that with the above ansatz (17)- (21) one trivially satisfies the rest of the two equations in (14) .
Our next task would be to substitute (17)- (21) into (15) in order to solve for the corresponding transverse momenta (π I (I, J = 3, 4)),
which upon integration yields,
where C is the constant of integration together with,
Finally we note down the Hamiltonian constraint (13) which for the present case yields,
Example II
As a second example, we consider Carroll M2 branes propagating over some specified subspace of the full AdS 7 × S 4 geometry [28] ,
We choose to work with the following embedding for Carroll M2 branes namely,
such that the M2 brane extends along and α, wraps around the isometry directions (ψ, χ and θ) and propagates with constant energy and momentum,
Next, we substitute (28)- (33) into (15) which finally yields the following set of equations
which could be further integrated to obtain the transverse momenta as,
provided we know the explicit form of the functions = (ξ 2 ) and α = α(ξ 2 ). Finally, we note down the Hamiltonian constraint (13) for the system
Stringy Carroll limit
In the previous Section we discussed membrane Carroll limit associated to M2 branes where we rescale the first three target space coordinates. The purpose of this Section is to explore the so called stringy Carroll limit [11] associated to M2 branes where we scale the first two target space coordinates and their corresponding conjugate momenta,
such that ω is set to infinity at the end.
Substituting (40) into (6) we find,
where we note down the primary Hamiltonian (constraint) associated to stringy Carroll limit as,
which is structurally identical to that with (13) except for the fact that now we have a different scaling (40) that leads to a different 2 × 2 matrix structure γ ij . Our next task would be to outline the dynamics of M2 branes in the string Carroll limit considering two specific examples as before.
Example I
Consider the first example where Carroll M2 branes are moving in R × S 4 subspace of full AdS 4 × S 7 geometry [28] ,
We choose to work with the following embeddings for Carroll M2 branes,
which leads to the following conserved energy-momentum
associated to M2 branes. Therefore, with the above embedding (44)-(48) one essentially describes Carroll M2 branes extended along x 2 = ψ direction and rotating along one of isometry directions (ϕ 1 ) with constant angular momentum Λ 1 0 . Finally, like in the previous example, the M2 brane also wraps around two of the isometry directions (ϕ 2 and ϕ 3 ) of S 4 along with respective winding numbers. The rest of the Hamilton's equations of motion could be formally expressed as
where I, J = 3, 4. Therefore the Hamiltonian dynamics could be solved provided we know the embedding, ψ = ψ(ξ 2 ). Finally, we note down the Hamiltonian constraint (42)
Example II
In the second example, we consider Carroll M2 brane embeddings in some subspace of AdS 7 × S 4 geometry [28] ,
where we choose to work with the following ansatz,
Like in the previous example, a straightforward analysis reveals,
The rest of the Hamilton's equations could be formally expressed as
Finally, we note down the Hamiltonian constraint (42) for the configuration,
3 Carroll M2 branes II This is a parallel computation for M2 branes (in its Carroll limit) where we choose to work with the traditional Nambu-Goto (NG) action for the world-volume theory and explore the corresponding Hamiltonian dynamics. We show that the present formalism is equivalent to that with the previous world-volume description of M2 branes under certain trivial transformations on the world-volume d.o.f. in the Carroll limit. We start with the NG world-volume theory of the following form [25] ,
where, we introduce the world-volume metric as,
together with the short hand notation for RR three form,
Next, we note down the corresponding conjugate momenta as,
Using (69), it is straightforward to express the world-volume action,
In order to check the constraints we first define,
which yields the following primary constraint,
The other primary constraint we note down is the following,
Combining (72) and (73), we finally note down the M2 brane action as,
where, g and g i are the so called Lagrange multipliers. Next we consider the so called stringy Carroll limit associated to M2 branes,
together with the following scaling,
which finally leads to the following Carroll M2 brane action,
In order to check equivalence between (77) and (41) we consider the following field transformations,π
Substituting (78) into (77) we find,
where we impose the following constraints namely,
Therefore (79) is equivalent to (41) provided we set,
and identify the new set of Lagrange multipliers to that with the old set of Lagrange multipliers with proper signature and scaling. The equations of motion that readily follow from (77) could be formally expressed as,
along with the following constraints,
Note added: The above analysis could be generalized for generic MP branes whose world-volume theory could be formally expressed as,
where,
The corresponding conjugate momentum is given by,
Using (90), it is now straightforward to express the world-volume action (87) as
where we introduce primary constraints,
constructed out of modified canonical momentum,
Next we introduce stringy Carroll limit as,
which leads to the generic Carroll MP brane action,
Finally, with the following redefinitioñ
and imposing the constraint conditions (80) we arrive at the generic MP brane worldvolume action,S
4 Tachyonic M3 branes
World-volume theory
The purpose of this Section is to explore the Carroll dynamics associated to unstable M3 branes [31] propagating over M theory supergravity background and in particular to find an interpretation of the corresponding Hamiltonian dynamics in terms of stable lower dimensional objects in M theory. We start with the first proposal for the unstable M3 brane world-volume action. The corresponding world-volume action could be formally expressed as,
where the world-volume Lagrangian is given by,
Here, V (T ) is the tachyon potential such that V (0)(= τ 3 ) equals the M3 brane tension and C (3) is the background RR three form. We choose to work with the following background RR three form,
which finally yields the following world-volume action,
A straightforward computation reveals the corresponding conjugate momenta as,
and
where the indices i, j, k(= 1, 2, 3) run along the spatial directions of the M3 brane worldvolume coordinates. Using (104) and (105) it is straightforward to find the corresponding canonical Hamiltonian density,
Like in the previous example, we further note down the following primary constraints
where we introduce new canonical momenta as,
iπ
subjected to the vanishing of the tachyon momentum,
and the constraints (80). This is precisely the world-volume theory corresponding to stable MP branes (98) for P = 3.
Summary and final remarks
We now summarize our key results and conclude with some further remarks. The purpose of the present analysis was to explore the Carroll limit(s) in M theory. Taking specific examples of M2 branes as well as M3 branes we construct the corresponding world volume action in the Carroll limit and explore the associated Hamiltonian dynamics. The Hamilton's equations corresponding to transverse momenta turn out to be quite non trivial and is difficult to solve analytically. We also generalize our analysis by constructing worldvolume theory corresponding to generic Mp branes moving over M theory supergravity backgrounds. We further show that different world-volume descriptions are equivalent in their respective Carroll limits. Finally, we turn our attention towards tachyonic M3 branes in M theory and their respective Carroll limits. We show that at the tachyon vacua, the corresponding membrane dynamics can be interpreted as stable Carroll membranes propagating over curved 11D M theory supergravity backgrounds.
